Abstract: We will study the historical pathway of the emergence of Tessarines or Bicomplex numbers, from their origin as "imaginary" solutions of irrational equations, to their insertion in the context of study of the algebras of hypercomplex numbers.
Introduction
Beginning from the end of the first half of the nineteenth century, particularly in Great Britain, in the wake of researches on geometrical interpretation of complex numbers, studies developed that led to the birth of new systems of hypercomplex numbers and are at the basis of the birth of modern algebra. In particular, the discovery in 1843 of Quaternions by William Rowan Hamilton (1805-1865) revealed to mathematicians the existence of an algebraic system that had all the properties of real and complex numbers except commutativity of multiplication. Further, the studies on symbolic algebra 2 by George Peacock (1791-1858) and on logic by Augustus De Morgan (1806-1871) created a context of reflection and analysis on the laws of arithmetic and their meaning.
As a result, researches were carried out in Great Britain on new systems of hypercomplex numbers, leading to the discovery of Octonions (1843/1845) by John T. Graves (1806 Graves ( -1870 and Arthur Cayley (1821-1895), of the theory of Pluriquaternions 3 (1848) by Thomas Penyngton Kirkman (1806 Kirkman ( -1895 , of Biquaternions (1873) and the Algebras (1878) of William Kingdon Clifford (1845 Clifford ( -1879 and to the systematic presentation of the algebras of hypercomplex numbers (1870), known until that time, through the work of Benjamin Peirce (1809-1880).
1 Università degli Studi di Palermo, Dipartimento di Matematica e Informatica. E-mail: cinzia.cerroni@unipa.it 2 For an analysis of the rise of symbolic algebra in Great Britain see [Pycior 1981 ], [Pycior 1982 ].
3 [Kirkman 1848 ].
In this framework, tessarines (or bicomplex numbers) were identified. The idea came to James Cockle beginning from the observation made by William G. Horner on the existence of irrational equations, called "congeneric surd equations", which admit neither real solutions nor complex solutions. Specifically, beginning from the equation j +1 = 0, Cockle introduced a new imaginary unity j, which satisfies j 2 = 1, and taking inspiration from Hamilton's theory of quaternions wrote the generic tessarine as w = a + bi + cj + ijd, where j 2 = 1. He then immediately hypothesized a generalization of it, introducing octrines at the end of his work and conjecturing generalization to sixteen unities. In a series of subsequent articles he analyzed the algebraic properties of tessarines, noticing the existence of zero divisors, and compared these properties with those of other systems of hypercomplex numbers known at the time, like Quaternions, Octonions etc., also in reference to the symbolic algebra introduced by Peacock. In 1892 Corrado Segre, in his complex geometry studies, and in the general context of the study of the algebras of hypercomplex numbers set going by Karl Weierstrass (1815-1897) in 1884, rediscovered the algebra of bicomplex numbers. Segre presented bicomplex numbers as the analytical representation of the points of bicomplex geometry and recognized that Hamilton himself in the study of biquaternions had introduced the same quantities; but neither Hamilton before, nor Segre after, noticed Cockle's works on the subject. Segre studied the algebra of bicomplex numbers, also determining a decomposition of them, which is a particular case of Peirce's.
In this paper, we will analyze the historical pathway of the emergence of tessarines or bicomplex numbers, from their origin as "imaginary" solutions of irrational equations, to their insertion in the context of study of the algebras of hypercomplex numbers.
Stephens Davies (1794 Davies ( ?-1851 , 5 were published by the latter. Specifically, in the introduction to the From the considerations by T. S. Davies it emerges that the need was felt to go deeper into the matter, in that it had not yet received the necessary attention and the analysis undertaken by W.
G. Horner was finally seen by Davies as clarifying it.
In this connection, in his article W. G. Horner, after some considerations on the need to study the case in which irrational equations do not admit any real root, wrote as follows: [Horner 1836, p. 49] and arrived at the conclusion that in the case of "congeneric" irrational equations, instead of looking for the "roots", it was necessary to look for the "solutions" to the group of equations constituted by the irrational equation, by its congeneric and by the [Cockle 1848a, p. 364-365] .
Hence an "impossible quantity" is a root of an impossible equation. The introduction of a "symbol" that describes the "simplest" element of the "impossible quantity", in analogy with imaginary unity, therefore represented a development of algebra originating from the paradigm of 
Thus, p is the root of the equation
so, n is the root of
also u is a root of
and guided by analogy, I take i to be the root of
Subsequently, after introducing the simplest "impossible quantity" as the solution of the [Cockle 1848, p. 437] In introducing the relationships between the new symbol j and imaginary unity i, Cockle moves away from considerations on "impossible quantities", through which he had introduced it, and in actual fact generalizes the procedure, to the point that the article ends up hypothesizing the possibility of introducing "Octrines" and "beyond": " Tessarines. It is to be observed that this was the first time that the possibility of the existence of zero divisors was stressed. This is a property that at first, as observed, appeared anomalous to the author, but subsequently was to be approved by him, faced with the fact that tessarines satisfy the other laws of ordinary algebra.
Indeed, Cockle continued to explore "the nature" of Tessarines comparing them with
Hamilton's Quaternions, and identifying the properties that from his point of view made them adhere to the laws of "ordinary" algebra. Specifically he observed that while in the case of
Quaternions the characteristic relationships force us to sacrifice the commutative law, in the case of 
Let, then, the subject of operation be j ' y, and we have
So, if the subject be k ' z, we have
and, proceeding thus, we see that the commutative character of multiplication is preserved in the Tessarine Theory." [Cockle 1849f, p. 124] From this analysis it emerges that Cockle had realised that the commutative property of multiplication in Tessarines is a consequence of the characteristic relationships between imaginary unities and therefore that it is the relationships between imaginary unities that determine the [Cockle 1849g, p. 198] .
Comparing the four algebras Cockle established which of them are a normal system 9 , i.e.
those that satisfy the laws of ordinary algebra, and which are a non-normal system. Specifically, Cockle's last work on these matters dates from 1852 [Cockle 1852 ].
From the previous considerations, it emerges that Cockle and the English context in which he was immersed had a "modern" conception of the laws of algebra and their nature and consequently jauntily introduced "new" systems of hypercomplex numbers, motivating them both intrinsically with the laws of algebra and with their possible applications to geometry. It can hence be observed that Hamilton, in introducing biquaternions, followed a line of thought analogous to that of Cockle in the case of Tessarines. That is to say, new "hypercomplex numbers" are introduced, to complete the theory of equations with coefficients in quaternions.
W. R. Hamilton's biquaternions
He also gave some numerical examples in support of the theory. He considered the quadratic equation with coefficients in quaternions q 2 = qi + j and determined its six solutions, two of which are quaternions while four are biquaternions.
Specifically, they are: 
C. Segre's bicomplex numbers
In 1892, continuing a line of thought already begun some years before 15 [Segre 1889 [Segre -90, 1890 ], Corrado Segre (1863 Segre ( -1924 [Clifford 1878 ]. 14 For an in-depth examination of the history of geometric calculation see [Freguglia 2004] . 15 On this aspect of Segre's work see [Brigaglia 2013 ], [Zappulla 2009 ].
enough. It is useful to introduce some bicomplex points, that is to say some entities that have through images the complex points of representative forms.
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" [Segre 1892, p. 449] .
After dealing at length with the hyperalgebraic entities (complex entities that in a real representation are algebraic), Segre introduced bicomplex points as a natural completion of the complex projective straight line. In the last part of the work he introduced and studied, precisely, a new kind of numbers, which are the analytical representation of bicomplex points, bicomplex He proceeded as follows. Let us suppose the complex points of a straight line are represented by the real points of the plane σ, and precisely the point that on the straight line has as its coordinate the complex number x+iy (x real y and i 2 =-1) has as its image in the plane σ the point of coordinates (x,y). Then to obtain the bicomplex points on the same straight line, one must also consider in the plane σ the complex points (x,y), whose coordinate are x = x 1 + hx 2 and y = y 1 + hy 2 , where x 1 , x 2 , y 1 and y 2 are real and h 2 = − 1, and therefore consider that the bicomplex point of the straight line has the coordinate x+iy, that is to say in the plane x 1 +hx 2 +i(y 1 +hy 2 ) = x 1 +hx 2 +iy 1 +hiy 2 .
In this way on the straight line the bicomplex point will have as its coordinates "bicomplex numbers" of the type x 1 +hx 2 +iy 1 +hiy 2 . where x 1 , x 2 , y 1 , y 2 are real and i and h are two distinct imaginary units for which h 2 = i 2 = -1 (but h≠± i) and their product is associative and commutative.
The algebra of bicomplex numbers is therefore presented as the commutative algebra of the numbers x + iy, where x and y are complex numbers (in the imaginary unity, distinguished from i, denoted as h). Each bicomplex number is therefore expressed as a linear combination of the units 1,
i, h and k = ih with i 2 = h 2 = -1 and k 2 = 1. [Segre 1892, p. 456] .
As mentioned in the previous section, it was Segre himself who realized that bicomplex numbers are equivalent to Hamilton's "planar biquaternions": (1832 -1903) , who in 1886 20 dealt more at length with the subject, referring to bicomplex numbers.
Segre, in particular, inserted the algebra of bicomplex numbers in the general framework of the study of hypercomplex algebras, which can be said to have been given systematic form with the publication, a few years earlier, in 1884, of the letter of Karl Weierstrass to Hermann Schwarz, 21 followed by the works of Schwarz himself 22 and above all of Richard Dedekind. 23 In the eighteeneighties the subject became of particular interest in German mathematics and, above all thanks to Eduard Study, became an integral part of researches related to the groups of Lie.
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Segre's study on this algebra is ample and exhaustive. The first point highlighted is, naturally, the presence of zero divisors, which Segre called "Nullifics [Segre 1892, p. 459] .
Having established this first result, the Piedmontese mathematician was able to deduce another, more significant, decomposition. He proceeded as follows; given the bicomplex number numbers. 41 We should also notice a late use of bicomplex numbers (in 1941) by one of Segre's greatest student, Gino Fano (1871 Fano ( -1952 , with reference to an elementary geometry problem.
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However, within Italian geometry (and above all analysis) the most important development to be noticed, in the 1930s and in the framework of the school of Gaetano Scorza (1876 Scorza ( -1939 , is the study of the analytical functions of bicomplex variables (and hypercomplex ones in general).
Without going further into the matter, in this connection mention must be made of the works of Giuseppe Scorza Dragoni (1908 Dragoni ( -1996 and Nicolò Spampinato (1892 Spampinato ( -1971 .
43
. This theme has had developments in fairly recent times, also in the framework of the study of the analytical functions of two complex variables. 
Conclusions
The analysis of the origins of algebra of "bicomplex numbers" confirms that in the middle of the nineteenth century in Great Britain there was great fervour around studies concerning new algebraic structures and around the meaning of symbolic algebra. These studies were then channelled into the general line of study of algebras that centred on the American school (A. Albert, L. Dickson, S. Epsteen, E. Moore, O. Veblen, J.M. Wedderburn) and the German one (R. Brauer, R.
Dedekind, G. Frobenius, H. Hasse, E. Noether, E. Study). In comparison to this natural development, an exception in a sense is Segre, who introduced this subject in his studies on complex geometry, then studying their algebraic properties. In this connection, Segre believed that analysis could not only furnish some tools for geometry but that the opposite could also happen: [Fano 1941 ]. 43 [Scorza Dragoni 1934] ; [Spampinato 1935] ; [Spampinato 1936 ].
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For a modern treatment of the matter from the algebraic point of view see, for instance: [Rochon, Shapiro 2004] ; as regards aspects concerning complex analysis see [Luna-Elizarraras, Shapiro, Struppa, Vajiac 2012] . A general review of the state of the art on hypercomplex algebras can be found in [Olariu 2002] . 45 "gli enti iperalgebrici com'io li chiamo, si trovavano negl'analisti e non nei geometri, viceversa può accadere che colle ricerche da me avviate e che spero vengano proseguite da altri geometri, la geometria venga a trovarsi a sua Specifically, the case of Cockle's "Tessarines", rediscovered and then called "bicomplex numbers" by Segre and within of the algebras of hypercomplex numbers, highlights the fact that a structure introduced in the context of strictly algebraic studies was rediscovered within complex geometry and found application in the study of the analytical functions of complex variables.
We also notice that some results of Segre's on the algebra of bicomplex numbers like isomorphism to the direct sum of two copies of the field of complex numbers and the fact that a polynomial equation of degree n has n 2 roots (if they are not infinite) are inaccurately attributed to recent results, (1990s). 
